Further Differentiation 2
Recap
The general formula for the first derivative of each of the derivatives are known:




Differentiate for the following:
1.

2.

3.

Further techniques for differentiation
The Product Rule
For finding the derivative of a function which includes a product of the 2 dependent variables (e.g. & ), the product rule is used: 
If , then:

Where  and  represents each of the functions in the multiplication. 
Worked Example 1


Following the product rule, the functions and their derivatives are substituted:



Worked Example 2


Substituting into the product rule:


The Quotient Rule
To differentiate quotients (e.g. ), you can use the product rule by expressing it as:

However, there is a shorthand method that allows you to differentiate the equation directly, it is called the quotient rule.
If , then:

Worked Example 3
Differentiate  using the quotient rule, and simplify as far as possible:

Let  and , hence  and .
Substituting all into the quotient rule:





Worked Example 4
Differentiate :


Using the quotient rule:
Let  and ,  and :




Or if you prefer, you can use the product rule:

Let  and ,  and :





Either lands the same results after simplification of all results.
Quotient Rule Practice:

Implicit Differentiation
The functions you’ve dealt with so far come in the form of , however, you will come across equations of curves that are written differently. For example, the equation for a circle: , such equations are said to be implicit. Whereas those in the form of  are said to be explicit.
You can arrange the implicit equation to be an explicit equation in the case of a circle, but for equations like
, solve through rearrangement could prove challenging.
Let us look at the equation , to find the derivative :


We can differentiate everything except  with what we know from normal differentiation.

To find for , we substitute in a ‘fraction’:

Now continue with the differentiation of the term, differentiate  with respect to 

The expression for  is found by rearranging the equation:


The following relation can hence be established:

Worked Example 5
Differentiate :

Differentiate the terms:

From the relation :




Worked Practice 6
Find the coordinates of the turning points on the curve :
To find the turning points, find the stationary points when :


Rearranging:

Differentiating all the terms, with the product rule used in :


Factoring  as a factor out of terms containing it, and rearranging the equation:


Simplify:

Find stationary points :




When :





 is a stationary point.
When :





 is a stationary point.
Derivations
Product Rule (First Principles)
Let the 2 functions within the product be  and  respectively:








Substituting  and :

Quotient Rule
Let the 2 functions within the product be  and  respectively:










Substituting  and :


